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We say that a continuous linear map L of a topological vector space E 
onto itself has a continuous right inverse if there exists another continuous 
linear map R of E into itself such that LR = I, the identity mapping on E. 
We will concern ourselves in this paper with the right invertibility of con- 
tinuous linear maps of Frechet spaces onto themselves. Part of the interest: 
in whether or not a continuous linear transformation of a Frechet space E 
onto itself has a continuous right inverse lies in the well known fact that, 
if E is a Frechet space, a continuous linear map L of E onto itself admits 
a continuous right inverse if and only if there is a closed subspace F of E 
such that E may be expressed as the direct sum of KerL and F. Also if 
a linear map L of E onto itself did have a continuous right inverse R, then R 
would act as a continuous solution finder for the inhomogeneous equation 
LU = f. The latter is of special interest in partial differential equations. In 
this paper we consider systems of linear partial differential operators acting 
on the space c”o(Q, @‘) of indefinitely differentiabIe functions defined on 
the open subset Q of Euclidean n dimensional space with values in complex N 
dimensional space. This space is equipped with the Iocally convex topology 
defined by the seminorms 11 Il(ly,nL,N) , where K runs through the compact 
subsets of Q and nz through the nonnegative integers, which are themselves 
defined by the rule, 
for each C = (A, & ,..., &) in C”“(Q, CM). ‘To complete the specialization 
of the right-inverse problem to Ca(Qn, V) we need only say precisely what 
it means for a linear operator L on Ca(Q, (Y) to be continuous. It means 
that for every compact subset K of L? and every nonnegative integer m, there 
exists a compact subset H of Q, a nonnegative integer Mu , and a positive 
constant C such that Ij L$ jl~~,+~) < C II+ I[(H,m2,N) for each $ in Cm(Q, eN). 
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There are well known relations between the open set Q and the system of 
operators (Treves [Id], Theorem 19.1 and Theorem 20.1) which guarantee 
that the system of partial differential operators will map cm(Q, eN) con- 
tinuously onto itself. Grothendiek, however, has shown (Treves [Id], 
Theorem Cl) that a right inverse for a system of elliptic operators with 
analytic coefficients cannot exist even though they are epimorphisms of 
cysz, CN). 
It is an easy matter to show the existence of a right inverse through the 
Cauchy problem for a hyperbolic operator acting on C”O(J2, @‘) for suitable 
open subsets of n dimensional Euclidean space. In fact since any hyperbolic 
operator with constant coefficients operating on CF(SP, (3) has a continuous 
right inverse and since a system,5 of partial differential operators with constant 
coefficients is hyperbolic if and only if det L is hyperbolic in the usual sense, 
it follows that if A is the right inverse of det L, then I’(L)i? is the right inverse 
of L, where F(L) denotes the matrix of minors of L and a denotes R multiplied 
by the N by N identity matrix. The problem of characterizing, for a given 
hyperbolic system L, the open subsets Q of W such that L has a continuous 
right inverse on Cm(.Q, (3’) has been considered by Kiselman [IO]. In this 
paper we show the nonexistence of a continuous right inverse on Cm&?, eN) 
of certain classes of Petrovskii-parabolic operators. These classes include all 
parabolic systems with analytic coefficients when the number of space 
variables is two or larger (Theorem 1) and all parabolic systems with constant 
coef-hcients (Theorem 2). The reader will recognize that many of these 
arguments can be generalized to prove the nonexistence of a continuous 
right inverse of certain hypoelliptic systems. 
We will begin by proving the nonexistence of a continuous right inverse 
for a certain class of linear partial differential operators. The class of systems 
we consider will be those which satisfy the hypothesis of the following 
theorem. 
THEOREM 1. Let p(x, t, D, , Dt> be a system of linear partial dz#erential 
operatoTs which map i?(G), CN) into itself and whose coefJicie?lts are in Cm(sZ), 
where Q is an open subset of 3~~~ x X2, . 
(i) Suppose that for afly ope?z subset U of Sz that any function. u in 
Ca(U, eN) satisjj4zg P(3, f, D, , DJ 24(x, t) = 0 for all (x, t) in U is in U 
analytic with respect to the x-variables. 
(ii) Suppose also that P(x, t, D, , DJ satisjes the condition that for 
every open subset U of 52 there is a convex open subset V of U and a nonzao 
element u of the dual ‘B’( V, (3’) of B( V, P) such that tH(x, t, D, , DJu = 0, 
the zero element of ‘B’( F’, CY’). 
The?2 if 11 > 1, &Y, t, D, , DJ hzas no continuozcs fight inverse in C*(Q, (3”). 
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Before we give the proof of the theorem, we remark that any system L 
acting on P(G, P), where Q is an open subset of s2,” x Zn,, which is 
given by 
where the coefficients Aj and A~~,s,j,~) are real analytic functions of s and t 
and members of P(Q) with none of the -i-lj vanishing identically, satisfies 
condition (ii) in the hypothesis of the theorem. 
To verify this we observe that given an open subset of U of Q, we can 
choose an open subset TP of U which avoids the union of the zeros of the 
functions Aj . We solve locally the Cauchy problem for this system, specifying 
nontrivial data around some point in IIT. The Cauchy-Kovalevskii Theorem 
tells us that there is a solution u of tLu = 0 which satisfies the Cauchy data 
and is real analytic in a convex neighborhood of this point. 
Proof. Let (x(q, t(O)) denote a fixed but arbitrary point in Q. Let 
K = {(x, t) E 3,” x Z2, : 1 X~ - x(O) 1 < P for K = 1,2 ,..., n and / t - t(O) 1< r}, 
where r is chosen so small that K is a compact subset of Q. Suppose L did 
have a continuous right inverse R : C”(G), @) - CW(Qn, CN). Let H be 
a compact subset of Q containing K, let nz be a positive integer, and let C 
be a positive constant such that if $ is any member of PJ(&?, 0, then 
Note that if $ vanishes on H, then R4 vanishes on K. Let &‘a = 
((x, t) E R,” x Xt : / t - t(O) j < r/2 (N, t) E Q, and 0 < Al: < 1 for 
k = 1, 2,..., n implies (h,x, + (1 - A,) x:0),..., A,.x~ + (1 - A,) bk”), t) E Q. 
Let ri, == ((x, t) E I/, : / t(l) - t(O) / < r/2 implies (x, t(l)) E lb}. One can 
show that the distance from PO to the boundary of Q is zero or else 
r’, = ((x, t) E LIXz” x x2, : 1 t - t(o) / < Y/2). I n either case there is a point 
(.0, t(l)) in PO which lies outside of H. Let I’ be a convex open set can- 
taining (x(l), t(J)) whose closure is a positive distance away from H and the 
boundary of pa. Let # be an arbitrary member of C,a( V). Since the support of 
4 is compact we can find a convex open set V’ such that supp 4 C I” C F’ C I/. 
Extend # to be an element of Cm(sZ, eN) by defining it to be the zero vector 
outside of V. Define #(s, t) = R+(x, t) for (x, t) on PO. Then +(x, 2) is 
a member of Cn( PO , P). Since L$(x, t) = +(N, t) for (x, t) in F. it follows 
that +(x1 t) is analytic as a function of x in V. - supp 4. Let 
Ht = ((x, t) E PO : (x, t) 6 V’). 
Since for each t E (-(r/2) + t(O), (r/2) + t(O)), Ht is an n-dimensional box 
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with a convex relatively compact set iYt n V’ removed, it follows that Ht is 
connected. But for each of these values of t, #(x, t) is analytic in Ht and 
4(x, t) vanishes on a nonempty neighborhood K n Ht of Ht . This implies 
4(x, t) vanishes in all of Ht for each t in ((--r/2) + t, , to + (r/2)). Thus, 
the support of 4(x, t) is contained in P’. But p may be assumed to be 
a compact subset of V. Then 4 would belong to a(F, CN). By the hypothesis 
we may suppose that (x(l), t(l)) and V have been chosen so that there is 
a nonzero member u of W(V, CY) such that tLu = 0 and (u, $) = 1 for 
some + in ‘B(V, F). Defining 9 = R$ as before, we deduce the absurdity, 
0 = (tLu, #) = (u, Lz/) = (u, 4) = 1. H ence, L could not have had a con- 
tinuous right inverse. 
The fact that the solution of Petrovskii parabolic equation with analytic 
right hand side is analytic in the space variables is due to Petrovskii and is 
found in the theorem of Petrovskii, the statement of which is found on 
pages 3-5 of his article [ZZ]. Petrovskii proves this result for what is now 
called a 2-parabolic system. To use the regularity result of Petrovskii 
directly we would require that the system be defined by 
(1) 
fork=1,2 ,..., N. Secondly, we require that the coefficients of the system (1) 
be analytic as functions of x and t in the region of interest. Finally, we say that 
a system of the form (1) is Petrovskii parabolic in the region U if for any 
,$ in Xt” satisfying 4,” + a*. + fn2 = 1, the roots h of the polynomial described 
by the determinant of the N by N matrix, the (j, K)th entry of which is 
~~~lGgrn (-l).mA~,k,o)(~, t)P - AS,,,, , all have negative real parts for all 
(x, t) in U. See also Theorem 6.2 (page 216) of Eidelman’s book [4] where 
it is proven that ifF,(x, t) is analytic as a function of (x, t) in the open subset U 
of R,” x St, , then the solutions ug of (Lu)~(~, t) = F,(x, t) for K = 1, 2,..., 
and N are analytic in the x-variables when L satisfies the above mentioned 
conditions. 
We recall the following definition of a single parabolic operator with 
constant coefficients acting on Cm(X,.r X &). 
DEFINITION 1. Let D, = -i(a/&) and D, = -i(a/ax). Then a dz@uential 
pob:ynomial P(& , &) = C~X,,~~~ ag,k) D jD,k a of degree m = pd in D, and 
degree d in D, is said to be p-pambolic if and only if for the two tuple ( pd, d) 
Pm,drl, 8) = IIE(/c/d)+(j,pd)<l a(j,k)$Ik has (0,O) as the only zero in 3t2 and 
tlaere is a number 8 > 0 such thatfor 17 = & 1, Pc~~,~)(~, z) = implies Im z 3 8. 
Remark. Note tllat in the above definition p is necessarily even. 
PARABOLIC DIFFERENTIAL OPERATORS 507 
We now consider the problem of showing that parabolic system in one 
space variable and one time variable fails to have a continuous right inverse. 
DEFINITION 2. A linear parabolic system of N equations in N unknowns 
with constant coeficients is an N by N matrix L, the (j, k)th entry of which 
is a linear partial daffeerential operator Pc?,~)(D+ , DJ jhr {j, k) C (I, 2,..., IV), 
such that det L = COESN sgn(u) JJ,“==, Pc~,,(~))(D, DJ is parabolic in the sense 
of De$zition 2. 
THEOREM 2. No parabolic system L with constant coeficients which acts 
on Ca(Q, @), where 8 is an open subset of ST&, can admit a co&zuous right 
inverse on this space. 
If 71 > 2, this result is a consequence of Theorem 1, since the only 
property of the solutions of the system L acting on O(.CJ, eN), where G is 
an open subset of %;-i x R, , in obtaining the nonexistence of a continuous 
right inverse for L was their analyticity with respect to the x variables. 
Therefore assume ~z = 2. That is Sz is an open subset of Z2, x %& and the 
(j, k)th entry of the N by N matrix L is a partial differential operator 
Po,,j(D,, Of) in D, and D, with constant coefficients for all j and k in 
( I,2 ,..., N). We postpone the proof of Theorem 2 now to give some definitions 
and elementary consequences of parabolicity. Although some of these results 
are well known we formalize them as lemmas to make the paper easier to read. 
LEMMA 2.1. Let Q(a/&, -(S/at)) = P(-(ia/&), -(iajat)) be a p-para- 
bolic operator of degree din Dt . There is an M > 0 such that if A(T) is a branch 
of Q@, 4 = 0, th en f or T > M or T < -M we have Re X(,)/l 7 11’~ > c, 
where c is a positive constant independent of ‘T. 
Proof of Lemma 2.1. Let WP = r. Then Pcgd,d)( -iA, wp) = Qf9d,dj(X, WV) = 
w”dP~pdmdj(-ih/w, 1). If xi , zs ,..., and z, are the roots of Q(x, 1) = 0, then 
the fact that PcpdJ[, 1) = 0 cannot be satisfied for real < tells us that 
Re zj f 0 for j E (1,2,..., m}. Branches of Q(Dd,d)(h, T) = 0 are given by 
x(T) = zua? where w is any pth root of 7. Notice that since Pt,,,,)(-ih, w”) = 
(-ih)‘“P~,d,dj( 1, w”/( -ih)p) we have that Irn(w*~/(--;A)“) > 8. Then it is 
clear that there is a constant c > 0 and an M > 0 such that for either T > M 
or 7 < -M we have Re(wzj) 2 c / 7 Ir/g. But the branches of .Q(A, T) are 
asymptotic to the branches of Q( pd,d)(h, T). This completes the proof of 
Lemma 2.1. 
We will need the following well-known result which gives the funda- 
mental solution of an arbitrary ordinary differential equation with constant 
coefficients. 
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LEMMA 2.2. The unique fundamental solution of 
which vanishes for x < 0 and has 0 in its support is given by 
where Y(x) is the heaviside function and the CC~,~) are the coej&=nts ak the 
expansion by partial fractions of the reciprocal of Q(z), Namely 
Proof. We refer the reader to Lemma 3.7, page 250 and Theorem 3.11, 
page 241 of Treves [Zj]. 
For the theory of Puiseux series we refer the reader to Hijrmander [9], 
page 275-277 and to Gorin [8], page 93-119. 
Proof of Theorem 2. Let L be a parabolic system acting on C*(Q, eN). 
Suppose L did admit a continuous right inverse. Then one can show that 
since smooth solutions u of Lu = 0 are analytic as functions of x, there is 
an open set Ti of the form v = {(x, t) : a < x < b} with a < 0 < b such 
that for every 4(x, t) in COm([O, a] x [-y, y], ehi) there is a unique J/(X, t) in 
Co3( JJ~, ehr) such that supp # C ((x, t) E v : 1 t 1 < r>, L# = 4, and 4(x, t) = 0 
for x < 0. But there is only one solution of this type which is given by 
t&x, t) = r(L) E*+(x, T), where i is th e F ourier transform of L with respect 
to t, r(L) is the matrix of minors of L, and J!? denotes E, the fundamental A 
solution of detL, multiplied by the N by N identity matrix We may 
suppose &x, t) = f(~) g(T) where f(r) is in COOo([O, L], eN) and g(T) is the 
Fourier transform of an element of Com[-y, ~1. 
By the closed graph theorem, there is a constant C > 0 and a nonnegative 
integer n depending on g and s such that 
sup I g(7)(@) E * f )(“% T)! G c $P, I f YY)l - 
T>M .a 
(2) 
We are at liberty to choose f. We take f(x) = T(a/&, T) #(x), where T(h, Q-) 
is a polynomial in h whose coefficients are functions of T that are continuous 
on (7 E R, : 17 j > Al}. Then we have 
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where Na is equal to the degree in a/ax of T and (1 + / 7 I)N1 dominates all 
of the coefficients of T(a/ih, T) f or 7 >, M. Now we will tell how we are 
going to choose T(a/h, T). We recall that the system L is parabolic if and 
only if det L is parabolic in the sense of definition 1. Parabolicity gives 
us information about the growth of branches h(7) of det .& T) = 0. In 
particular if 
is the fundamental solution of the operator det L(a/&, T), then for all 
j E (I, 2,..., m> we have lim,+, Re A,(T) = co or lim,,-, Re A,(T) = co. We 
define Q~5,k~(a/&, T) to be the (j, R)th entry of r(E). Then if detL divided 
Q,,k,(a/&, T) for all j and K in {1,2,..., N} then (det L)N would divide 
det r(L) = (det L)N-l w ic h h is absurd. Thus, it must be true that 
fails to divide some Q~j,k~(a/ax, T) for some pair (j, k) with j and K in 
(1,2 ,..., N}. Let us suppose that 
where s > m. For convenience we may suppose that m, < ~5 . Then let 
T = (& - Al(T))--’ s, 
where 
with I%~ = 0 if HZ, 3 nQ and %i, = n, - mp if m, < ncr . Then conclude that 
TQc~,~) (i , T) E = f7 (xl(T) - h,(7))K’+“Q-4 exp(~,(~) x), 
q=“2 
where Kzi, = 7~~ = 0 for 4 = Y + 1, Y + 2 ,..., and S. This tells us that we 
may suppose that the (j, k)th component of TI@)E is of the form 
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P(T) exp(h,(7)(x - y)) where lim7++ Re h,(r) = +co and 1 Pi dominates 
C, > 0, for T > M. Choose #(x) = (#r(x),..., &(x)) where &(x) = 0 if K + 4. 
Then we have 
(4) 
From (4) we deduce that 
Choose z/,(y) = exp(iy Im A,(T)) x(y) where x(y) = 1 for E < y < a! - e, 
and x is a nonnegative-real-valued member of C,“o([O, a]). 
C2 I &+)I exp(Re &(T) x> I:-’ exP( -Y Re A,(T)) X(Y) a’~ 
< GGU + I 7 ON1 (1 + I 7 ON3 IIx Il~~~.or~.~2+ra+~~.~) , 
where C, , Na , and iV4 are chosen so that 
11 #a h[W.N~+n.l) ---. < cd1 + 1 T iIN3 11 x Ik[O.alNz+N,+n.l) - 
Then we deduce that there are constants C, > 0 and iVa > 0 depending 
only on g and x and f such that 
I g(T)1 exp(Re x1(7)(X - a + ~1) < C,(l -k 1 T i)Nde (5) 
This is impossible if x > 01, because it would mean for some 6’ > 0 that 
given any function h in Ca”[--r, y] its Fourier transform g(T) should verify 
for 7 > 0 and large enough an inequality 
/ g(T)/ < c, eXp(--8 [ 7 I”‘), 
which is well known to be absurd. This completes the proof of Theorem 2. 
We remark that a much simpler argument using Theorem 5.3.3 of 
Hijrmander [o] will show in particular that the heat operator (a2/ax2) - (a/at) 
and the Schrodinger operator (a2/&s) - i(a/at) have no continuous right 
inverse on Cm(Q) for any open subset 52 of Zt, x Xt,. 
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